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We analyze the moment of inertia I(S), relative to the center of gravity, of finite plane
lattice sets S. We classify these sets according to their roundness: a set S is rounder than
a set T if I(S) < I(T ). We introduce the notion of quasi-discs and show that roundest sets
are strongly-convex quasi-discs in the discrete sense. We use weakly unimodal partitions
and an inequality for the radius to make a table of roundest discrete sets up to size 40.
Surprisingly, it turns out that the radius of the smallest disc containing a roundest discrete
set S is not necessarily the radius of S as a quasi-disc.
Crown Copyright© 2008 Published by Elsevier B.V. All rights reserved.
1. Introduction
In this paper we consider plane sets up to translations. By a discrete set we mean a finite set of lattice points or a finite
union of lattice closed unit squares (pixels) (Fig. 1 (a)). In particular, the word polyomino is defined as a 4-connected finite
union of pixels in the plane. This means the neighboring squares are required to share an edge (Fig. 1(b)). These sets are
well-known combinatorial objects in discrete geometry. The dual of a discrete set of pixels is the set of the centers of its
pixels. The dual of a polyomino is usually called an animal (Fig. 1(c)). Using a ( 12 ,
1
2 ) shift, we can always assume that the
dual of a discrete set of pixels is a subset of the discrete plane Z× Z.
Fig. 1.
Moreover, a polyomino is called v-convex (resp. h-convex) if all its columns (resp. rows) are connected (see Fig. 2(a), (b)).
We say that a polyomino is hv-convex (Fig. 2(c)) if all its columns and rows are connected and strongly-convex (Fig. 2(d)) if
given any two points u and v in its corresponding animal, the lattice points in the segment [u, v] are all in the animal. In
the case of polyominoes, as Kim [1,2] showed, this notion coincides with the MP-convexity of Minsky and Papert [3] since
animals are 4-connected. The goal of this paper is to study the roundest discrete sets S of N pixels (or N points), over the
class of all discrete sets with the same number of pixels (or points), in the sense of having minimal moment of inertia I(S),
relative to the center of gravity. This problem was raised in previous papers [4,5] in the context of the study of incremental
I With the support of NSERC (Canada).∗ Corresponding author. Tel.: +1 514 987 3000.
E-mail addresses: brlek@lacim.uqam.ca (S. Brlek), labelle.gilbert@lacim.uqam.ca (G. Labelle), lacasse@lacim.uqam.ca (A. Lacasse).
0304-3975/$ – see front matter Crown Copyright© 2008 Published by Elsevier B.V. All rights reserved.
doi:10.1016/j.tcs.2008.06.015
32 S. Brlek et al. / Theoretical Computer Science 406 (2008) 31–42
Fig. 2. A polyomino (a) v-convex (b) h-convex (c) hv-convex (d) strongly-convex.
algorithms based on the discrete Green theorem. The present notion of roundness is distinct from the one given in [6]
where they consider minimizing the site perimeter of lattice sets, that is the number of points with Manhattan distance 1
from the sets. For a given N , Eq. (2) below ensures that minimizing I(S) is equivalent to minimizing I(A), where A is the dual
of the discrete set S. In this paper, the Euclidean distance
√
(u1 − v1)2 + (u2 − v2)2 between two points u = (u1, u2) and
v = (v1, v2) in the plane, is denoted by |u− v|.
In Section 2, we recall some basic notions about the moment of inertia of discrete sets. Section 3 is devoted to properties
of roundest discrete sets. More precisely, we introduce the notion of discrete quasi-disc and prove that roundest discrete sets
are animals which are strongly-convex quasi-discs. Then a method is developed for computing the roundest discrete sets
according to size (N ≤ 40) and some parameters associated to them. Finally, we briefly indicate in Section 4, how to extend
our results to other kinds of lattices.
2. Continuous and discrete moments of inertia
We recall definitions of the basic geometric parameters:
Definition 1. Let S be a measurable subset of the real plane R× R such that∫ ∫
S
|z|2dx dy <∞. (1)
The center of gravity g = g(S) and themoment of inertia I = I(S) relative to the center of gravity, of the set S, are defined by
the following equations:
g = g(S) = 1
Area(S)
∫ ∫
S
zdx dy
and
I = I(S) =
∫ ∫
S
|z − g|2dx dy =
∫ ∫
S
|z|2dx dy− 1
Area(S)
∣∣∣∣∫ ∫
S
zdx dy
∣∣∣∣2 ,
where
Area(S) =
∫ ∫
S
dx dy.
Note that, in particular, if S = P1 ∪ · · · ∪ PN is a union of N distinct pixels, the condition∫ ∫
P1∪P2∪···∪PN
|z|2dx dy <∞
is obviously satisfied and g(S) and I(S) are well-defined.
Note also that the moment of inertia of any single pixel P is I(P) = 16 and its center of gravity corresponds to its
geometrical center.
Definition 2. Let T = {a1, . . . , aN} ⊆ Z × Z be a set of N distinct points in the discrete plane where the point ak has a
non-negative mass mk, for k = 1, . . . ,N . The center of gravity g = g(T ) and the moment of inertia I = I(T ) relative to the
center of gravity, of the set T are defined by
g = g(T ) = 1
m1 + · · · +mN
N∑
k=1
mkak,
and
I = I(T ) =
N∑
k=1
mk|ak − g|2 =
N∑
k=1
mk|ak|2 − 1m1 + · · · +mN
∣∣∣∣∣ N∑
k=1
mkak
∣∣∣∣∣
2
= 1
m1 + · · · +mN
∑
k<l
mkml|ak − al|2.
It is easily checked that the following relation holds for any discrete set:
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Lemma 3. Let S = P1 ∪ P2 ∪ · · · ∪ PN be a union of N distinct pixels P1, . . . , PN and the set A of their centers, N = |A|. Then,
I(S) = I(A)+ N
6
. (2)
A straightforward computation of the moment of inertia of a set of n equidistant points yields the following formula which
will be used in Section 3.2 for the computation of discrete sets of minimal moment of inertia.
Lemma 4. Let A be a set of n equidistant points, each of unit mass, on a line. Then,
I(A) = n
3 − n
12
d2 (3)
where d is the distance between successive points.
3. Properties of roundest discrete sets
From now on, we assume that every measurable subset of R × R, satisfies (1). The next lemma generalizes (2) and is a
consequence of the classical parallel axis theorem [7] stating that, for any point p and any measurable set S, the moment of
inertia of S relative to p, denoted by Ip(S) and defined by
Ip(S) =
∫ ∫
S
|z − p|2dx dy
(
or
N∑
k=1
mk|ak − p|2
)
,
satisfies
Ip(S) = I(S)+m|p− g|2, (4)
where g = g(S) andm is the mass of S.
Lemma 5. Let S1, S2, . . . , SN be a sequence of disjoint measurable (or finite) subsets⊆ Z× Z. Then
I(S1 ∪ · · · ∪ SN) =
N∑
k=1
I(Sk)+ I({g1, . . . , gN})
=
N∑
k=1
I(Sk)+
N∑
k=1
mk|gk|2 − 1m
∣∣∣∣∣ N∑
k=1
mkgk
∣∣∣∣∣
2
=
N∑
k=1
I(Sk)+ 1m
∑
k<l
mkml|gk − gl|2,
where gk is the center of gravity of Sk with mass mk =
∫ ∫
Sk
dx dy.
Proof. By (4), we can write, for any p ∈ Z× Z,
Ip(Sk) = I(Sk)+mk|p− gk|2, k = 1, . . . ,N.
By additivity of Ip, we have
Ip(S1 ∪ · · · ∪ SN) = Ip(S1)+ · · · + Ip(SN)
= I(S1)+ · · · + I(SN)+m1|p− g1|2 + · · · +mN |p− gN |2.
Taking p = g(S1 ∪ · · · ∪ SN) = (m1g1 + · · · +mNgN)/m,we get
I(S1 ∪ · · · ∪ SN) = Ig(S1 ∪ · · · ∪ SN)
= I(S1)+ · · · + I(SN)+m1|g − g1|2 + · · · +mN |g − gN |2
= I(S1)+ · · · + I(SN)+ I ({g1, . . . , gN}) . 
Note that formula (2) corresponds to the special case S1 = P1, . . . , SN = PN with gk = g(Pk). More precisely,
I(S) = I(P1 ∪ · · · ∪ PN) =
N∑
k=1
I(Pk)+ I({g1, . . . , gN}) = N6 + I(A),
since I(Pk) = 16 and A is the corresponding set of centers of gravity of the pixels of S.
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Fig. 3. (a) A (discrete) disc and (b) a (discrete) quasi-disc.
3.1. Roundest discrete sets are quasi-discs
From now on we call roundest a set having minimal moment of inertia among the discrete sets consisting of a fixed
number N of points. In order to analyze properties of roundest sets we introduce the notion of discrete quasi-disc.
Definition 6. Let c ∈ R× R, and S ⊆ Z× Z be a finite set of lattice points. Then S is called a:
(i) (discrete) disc centered at c of radius r if
S = {z : |z − c| ≤ r} ∩ (Z× Z),
(ii) (discrete) quasi-disc centered at c of radius r if
{z : |z − c| < r} ∩ (Z× Z) ⊆ S ⊆ {z : |z − c| ≤ r} ∩ (Z× Z),
where r = maxs∈S |s− c|.
A disc and a quasi-disc of radius r = 5 are shown in Fig. 3 (a) and (b) respectively. Note that every lattice point on the
circumference must belong to a disc while at least only one is necessary in the case of a quasi-disc. In both cases, every
lattice point lying within the circumference must belong to the disc and quasi-disc.
Lemma 7. Let A be a quasi-disc. Then:
(i) A is a strongly-convex set;
(ii) if A contains N 6= 2 points, then A is an animal.
Proof. (i) Let A be a quasi-disc of radius r centered at c. Given any two distinct points u, v ∈ A, any lattice pointw ∈ [u, v],
w 6= u,w 6= v, is necessarily in the topological interior of the disc {z : |z − c| ≤ r}. Hence, by Definition 6,w ∈ A.
(ii) For N = 1 the result is obvious, and for N = 2 it is false since the quasi-disc {(0, 0), (1, 1)} is not an animal. Let A be
a quasi-disc of N ≥ 3 points with radius r > 0 centered at c ∈ R × R. Let u, v be two distinct lattice points in A. We must
show that there is a path γ from u to v made only of vertical and horizontal unit steps. If u and v are both on a vertical or
horizontal segment then by (i), we can choose γ as the linear path from u to v. Otherwise, u and v are not on a same vertical
or horizontal segment, and we consider the lattice rectangle Rwith vertices u, v′, v, u′, given by
u = (u1, u2), v′ = (v1, u2), v = (v1, v2), u′ = (u1, v2).
Note that,
2r2 ≥ |u− c|2 + |v − c|2 = |u′ − c|2 + |v′ − c|2. (5)
If at least one of the lattice points u′ or v′, say p, is in A, then since A is a quasi-disc, we can choose, for γ , the L-shaped path
([u, p] ∪ [p, v]) ∩ Z× Z from u to v.
Taking (5) into account, the remaining possibility is that u′ and v′ are both on the circumference |z − c| = r . In other
words
|u′ − c|2 = |v′ − c|2 = r2.
This means that |z − c| = r is the circumcircle of the rectangle R having vertices u ∈ A, v′ /∈ A, v ∈ A, u′ /∈ A. In this case, R
cannot be a unit square (see Figure (a)) since N ≥ 3. Hence, R is am× n-rectangle withm > 1 or n > 1 and there obviously
exists a path γ from u to v made only of vertical and horizontal unit steps (see Figure (b)).
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
Theorem 8. Let S be a roundest discrete set of N pixels. Then S is a polyomino whose associated animal A is a quasi-disc centered
at g = g(A) with radius r = maxa∈A |a− g|.
Proof. Let A be the dual of a roundest discrete set S. Since the result is obviously true for N ≤ 2, we assume that N ≥ 3.
Take a0 ∈ A such that
r = |a0 − g| = maxa∈A |a− g|
and consider the closed disc
Γa0 = {z ∈ R× R : |z − ga0 | ≤ |a0 − ga0 |}, where ga0 = g(A \ {a0}).
Let us prove first that every lattice point in the interior of the disc Γa0 is in A. This is a consequence of Lemma 5 with N = 2:
I(S1 ∪ S2) = I(S1)+ I(S2)+ m1m2m1 +m2 |g1 − g2|
2,
with S1 = {a0}, S2 = A \ {a0}, g1 = a0, g2 = ga0 , m1 = 1, m2 = N − 1. Then,
I(A) = I({a0})+ I(A \ {a0})+ N − 1N
∣∣a0 − ga0 ∣∣2
= I(A \ {a0})+ N − 1N
∣∣a0 − ga0 ∣∣2
since I({a0}) = 0. Assume now that Γa0 contains in its interior, a lattice point b 6∈ A, that means |b − ga0 | < |a0 − ga0 |.
Replace a0 by b and consider the set B = ((A \ {a0}) ∪ {b}). Then,
I(B) = I((A \ {a0}) ∪ {b}) = I(A \ {a0})+ N − 1N |b− ga0 |
2 < I(A),
which contradicts the minimality of the moment of inertia of A. Consider now the closed disc
Ca0 = {z ∈ R× R : |z − g| ≤ r}.
Then, by definition of Ca0 , we obviously have,
A ⊆ Ca0 ∩ (Z× Z). (6)
Furthermore, it is easy to check that
g − a0 = N − 1N (ga0 − a0).
This implies that g belongs to the segment [ga0 , a0]. Hence, Ca0 ⊆ Γa0 as we can see in the following figure:
But we have seen that every lattice point in the interior of Γa0 is in A. In particular all those in the interior of Ca0 must be
also in A:
(int Ca0) ∩ (Z× Z) ⊆ A.
Using (6), this implies that A is a quasi-disc of radius r , centered at g . Finally, by Lemma 7, A is a strongly-convex animal,
since N ≥ 3. 
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Fig. 4. Examples and counter examples for Theorem 8.
Note that the above proof shows that A is also a quasi-disc centered at ga0 with radius |a0 − ga0 | > r .
Fig. 4 (a) illustrates Theorem 8 with N = 5. By contraposition, the 7× 7 lattice set A in Fig. 4 (b) is not minimal since the
disc Ca0 contains lattice points not in A. Note that the converse of Theorem 8 is false since, for N = 3, the quasi-disc of Fig. 4
(c) is not minimal (with I = 2). The minimal one for N = 3 (with I = 43 < 2) is shown in Fig. 4(d).
To pursue our study of roundest discrete sets we now give an upper bound for the radius r of the disc Ca0 as a function
of the size N . This result reduces the number of candidates to be tested in the search of roundest animals in Section 3.2.
Lemma 9. Let A be a roundest animal having N points. Then, the radius r = |a0 − g| = maxa∈A|a− g| of the disc Ca0 centered
at g = g(A) satisfies
r ≤ 1√
2
+
√
N
pi
.
Proof. Let S be the polyomino associated to the animal A. We will show that the open disc B◦(g, r − 1√
2
), of radius r − 1√
2
,
centered at g satisfies
B◦
(
g, r − 1√
2
)
⊆ S (7)
and the result will follow since (7) implies that
pi
(
r − 1√
2
)2
≤ area (S) = N.
To establish (7), consider an arbitrary point z ∈ B◦(g, r − 1√
2
). We must show that there exists ν ∈ A such that z ∈ pixν ,
where pixν is the pixel centered at ν. So, let z = (x, y) be such that
|z − g| < r − 1√
2
.
Then there exist integers ν1, ν2 such that,
x = ν1 + f1, y = ν2 + f2
where |f1| ≤ 12 , |f2| ≤ 12 . Let ν = (ν1, ν2) and f = (f1, f2). We have z = ν + f ∈ pixν . There remains to show that ν ∈ A. We
have, by the triangular inequality
|ν − g| − |f | ≤ |ν − g + f | = |z − g| < r − 1√
2
.
Hence,
|ν − g| < r − 1√
2
+ |f | ≤ r − 1√
2
+ 1√
2
= r
since |f | =
√
f 21 + f 22 ≤
√( 1
2
)2 + ( 12 )2 = 1√2 . By Theorem 8, we conclude that ν ∈ A since every lattice point in the open
disc B◦(g, r) necessarily belongs to A. 
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Fig. 5. Column Ck is the set of points in S above the point (k, 0).
3.2. Computation of the roundest discrete sets according to size
In order to generate all the roundest animals of a given size N , we classify animals according to the sequence (n1, . . . , ns)
of their vertical projections, where nk is the number of points in the kth column for k = 1, . . . , s and n1 + · · · + ns = N . If
nk is even (resp. odd), the kth column is said to be even (resp. odd). Let An1,...,ns be the set of all animals having the sequence
(n1, n2, . . . , ns) of vertical projections with N = n1 + n2 + · · · + ns. We first characterize animals A ∈ An1,...,ns such that
I(A) = min{I(B) : B ∈ An1,...,ns}. (8)
The roundest animals of size N are those that minimize I(A) under the condition n1 + · · · + ns = N . Due to the convexity
properties of roundest animals, we can reduce our analysis to sequences (n1, n2, . . . , ns) satisfying
0 < n1 ≤ n2 ≤ · · · ≤ nk < nk+1 = · · · = nl−1 > nl ≥ · · · ≥ ns−1 ≥ ns > 0.
Such sequences are called weakly unimodal partitions of N (or stack or planar partitions of N), see Stanley [8]. We have the
following result.
Lemma 10. Let (n1, . . . , ns) be a weakly unimodal partition of N. Then,
(i) if n1, . . . , ns have the same parity, there is a unique animal A ∈ An1,...,ns , up to translation, with minimal moment of inertia
over An1,...,ns . This animal is symmetric relative to an horizontal axis;
(ii) otherwise, there are exactly two animals A, A′ ∈ An1,...,ns , up to translation, with minimal moment of inertia over An1,...,ns .
These animals are symmetric to each other. The centers of gravity of the odd (resp. even) columns of each of these two animals,
A and A′, are all on a same horizontal axis X (resp. X ′). The distance between X and X ′ is 1/2.
Moreover, the moment of inertia of A (and A′) is given by the formula
I(A) = 1
12
s∑
k=1
n3k −
1
12
N +
s∑
k=1
k2nk − 1N
(
s∑
k=1
knk
)2
+ 1
4N
(∑
nkeven
nk
)(∑
nkodd
nk
)
. (9)
Proof. Let S be an animal with projections (n1, n2, . . . , ns) having columns C1, C2, . . . , Cs. More precisely, Ck is the column
of points in S over the point (k, 0), k = 1, . . . , s (see Fig. 5).
Let gk be the center of gravity of Ck, 1 ≤ k ≤ s. Note that there exists νk ∈ Z such that, for k = 1, . . . , s,
gk =
{
(k, νk) if nk is odd,
(k, νk + 12 ) if nk is even.
In other words,
gk =
(
k, νk + 12χeven(nk)
)
k = 1, . . . , s
where χeven(n) = 1, if n is even and 0 otherwise.
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Fig. 6. (a) Every nk is odd, (b) Every nk is even, (c) Some nk odd, some nk even.
Then, by Lemma 5 and formula (3), we have
I(S) = I(C1 ∪ · · · ∪ Cs)
= I(C1)+ · · · + I(Cs)+ I({g1, · · · , gs})
=
s∑
k=1
n3k − nk
12
+ 1
N
∑
k<l
nknl
∣∣∣∣(k− l, νk − νl + 12 (χeven(nk)− χeven(nl))
)∣∣∣∣2
= 1
12
s∑
k=1
n3k −
1
12
N + 1
N
∑
k<l
nknl(k− l)2 + 12N
∑
k,l
nknl
(
νk − νl + 12 (χeven(nk)− χeven(nl))
)2
= 1
12
s∑
k=1
n3k −
1
12
N +
s∑
k=1
k2nk − 1N
(
s∑
k=1
knk
)2
+Ω,
where, after rearrangements,
Ω = 1
2N
( ∑
nk≡nl( mod 2)
nknl(νk − νl)2 + 2
∑
nkeven,nlodd
nknl
(
νk − νl + 12
)2)
.
This last expression attains its minimal value if and only if
νk = νl, whenever nk ≡ nl (mod 2)
and (
νk − νl + 12
)2
= 1
4
, whenever nk is even and nl is odd.
In other words, the minimal value ofΩ is attained if and only if, for some p ∈ Z,
νk = p for every k, or
{
νk = p− 1 for even nk,
νl = p for odd nl.
Since the moment of inertia is invariant under translation, we can assume that p = 0 and we conclude that the structure of
a roundest animal Awith projections (n1, . . . , ns) falls into one of the following three exclusive cases:
Case 1. If every nk is odd, then gk = (k, 0) for k = 1, . . . , s (Fig. 6 (a)).
Case 2. If every nk is even, then gk = (k, 12 ) for k = 1, . . . , s (Fig. 6 (b)).
Case 3. Otherwise, two subcases can occur:
3.(i) gk = (k, 0), for nk odd and gk =
(
k, 12
)
, for nk even (Fig. 6(c)i),
3.(ii) gk = (k, 0), for nk odd and gk =
(
k,− 12
)
, for nk even (Fig. 6(c)ii).
Fig. 6 illustrates the situation. It is easily checked that the minimal value ofΩ is given by
Ω = 1
4N
( ∑
nk even
nk
)(∑
nk odd
nk
)
,
which establishes (9) and concludes the proof. 
Using the computer algebra software Maple [9], we now generate all roundest animals with size N ≤ 40. Our strategy is the
following: we first encode the weakly unimodal sequences by
(λ, b, h, µ)
where λ,µ are integer partitions and b, h ∈ N∗. The sequences (n1, n2, . . . , ns) are given by
λ1 ≤ λ2 ≤ · · · ≤ λk < h = · · · = h︸ ︷︷ ︸
b
> µl ≥ µl−1 ≥ · · · ≥ µ1, (10)
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Fig. 7. (a) Encoding, (b) vertical projections, (c) animal to test, up to rotation.
Table 1
Roundest animals with size up to N = 24, up to symmetry
N Vertical projections I(A) g(A) r c(A) rmin(A)
1 [1] 0 (1, 0) 0 (0, 0) 0
2 [1, 1] 12
( 3
2 , 0
) 1
2
( 3
2 , 0
) 1
2
3 [1, 2] 43
( 5
3 ,
1
3
) 1
3
√
5
( 3
2 ,
1
2
) 1
2
√
2
4 [2, 2] 2 ( 32 , 12 ) 12√2 ( 32 , 12 ) 12√2
5a [2, 2, 1] 4 ( 95 , 25 ) 25√10 (2, 12 ) 12√5
5b [1, 3, 1] 4 (2, 0) 1 (2, 0) 1
6 [2, 2, 2] 336
(
2, 12
) 1
2
√
5
(
2, 12
) 1
2
√
5
7 [2, 3, 2] 527
(
2, 27
) 9
7
(
2, 14
) 5
4
8 [3, 3, 2] 788
( 15
8 ,
1
8
) 1
8
√
130 (2, 0)
√
2
9 [3, 3, 3] 1089 (2, 0)
√
2 (2, 0)
√
2
10 [3, 3, 3, 1] 15610
( 11
5 , 0
) 9
5
( 7
3 , 0
) 5
3
11a [2, 4, 4, 1] 21211
( 26
11 ,
5
11
) 1
11
√
349
( 5
2 ,
1
2
) 1
2
√
10
11b [3, 4, 3, 1] 21211
( 24
11 ,
2
11
) 2
11
√
101
( 9
4 ,
1
4
) 5
4
√
2
12 [2, 4, 4, 2] 26412
( 5
2 ,
1
2
) 1
2
√
10
( 5
2 ,
1
2
) 1
2
√
10
13 [3, 4, 4, 2] 34013
( 31
13 ,
5
13
) 18
13
√
2
( 23
10 ,
3
10
) 13
10
√
2
14 [3, 4, 4, 3] 42514
( 5
2 ,
2
7
) 3
14
√
85
( 5
2 ,
1
6
) 1
6
√
130
15 [4, 4, 4, 3] 52815
( 12
5 ,
2
5
) 1
5
√
113
( 5
2 ,
1
2
) 3
2
√
2
16a [2, 4, 4, 4, 2] 64016
(
3, 12
) 1
2
√
17
(
3, 12
) 1
2
√
17
16b [4, 4, 4, 4] 64016
( 5
2 ,
1
2
) 3
2
√
2
( 5
2 ,
1
2
) 3
2
√
2
17a [4, 5, 5, 3] 78017
( 41
17 ,
2
17
) 40
17 (2, 0)
√
5
17b [2, 4, 5, 4, 2] 78017
(
3, 617
) 40
17
(
3, 16
) 13
6
18 [3, 4, 5, 4, 2] 92518
( 26
9 ,
5
18
) 1
18
√
1685 (3, 0)
√
5
19 [3, 5, 5, 4, 2] 108419
( 54
19 ,
3
19
) 1
19
√
1937 (3, 0)
√
5
20 [3, 5, 5, 5, 2] 125520
( 29
10 ,
1
20
) 1
20
√
2165 (3, 0)
√
5
21 [3, 5, 5, 5, 3] 142821 (3, 0)
√
5 (3, 0)
√
5
22 [3, 5, 5, 5, 4] 166422
( 34
11 ,
1
11
) 21
11
√
2
( 45
14 ,
3
14
) 25
14
√
2
23 [5, 5, 5, 5, 3] 191623
( 65
23 , 0
) 2
23
√
970
( 21
8 , 0
) 5
8
√
17
24 [1, 5, 5, 5, 5, 3] 218324
( 89
24 , 0
) 65
24
( 18
5 , 0
) 13
5
with |λ|+bh+|µ| = N (see Fig. 7). Then, using the package combinat, we generate all (λ, b, h, µ) such that the associated
animal Aminimizes themoment of inertia I(A) given by formula (9). Taking Lemma3 into account, we restrict the generation
of the 4-tuples (λ, b, h, µ) to those satisfying the further conditions
s ≤ 2r + 1 and h ≤ 2r + 1,
that is
max(s, h) ≤
⌊√
2+ 2
√
N
pi
+ 1
⌋
. (11)
Fig. 8 gives, for each N ≤ 40, a set of representatives, up to dihedral symmetry, of the roundest animals of size N . As an
indication, for N = 40, we had to test 76 396 4-tuples (λ, b, h, µ) satisfying (10) and (11), instead of 4207 763 for those
satisfying only (10).
Various parameters associated to these roundest animals (N ≤ 40) are given in Tables 1 and 2. The first five columns give
the size N , the vertical projections, the moment of inertia, the center of gravity and the radius of the disc Ca0 of the roundest
animals, up to dihedral symmetry.
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Remark. Let Cmin = {z ∈ R × R : |z − c| ≤ rmin}, be the smallest closed disc containing a given roundest animal A of
size N . The value of c and rmin are given in the last two columns of Table 1. One may think that A is a quasi-disc centered
at c having radius rmin. In other words, we can replace the disc Ca0 of Theorem 8 by Cmin. It turns out that this is false in
general.
As an example, consider for N = 17 the roundest animal A in row 17a
of Table 1. Its projections are (4, 5, 5, 3) and the smallest closed disc Cmin
containing it has radius rmin =
√
5 and center c = (2, 0). In this case Ca0
has radius r = 4017 and center g =
( 41
17 ,
2
17
)
.
Then A is not a quasi-disc of radius rmin =
√
5. Indeed, the lattice point+ (cross) belongs to the open disc C◦min but is not
an element of A. It turns out that the only occurrence of such an animal, up to N = 40, is precisely A.
This suggests the following conjecture.
Conjecture 11. There exists an infinite family of roundest animals A which is not a quasi-disc of radius rmin, where rmin is the
radius of the smallest closed disc containing A.
4. Conclusion
While the recognition of digital straight lines is a well-understood problem [10], both from the Euclidean and
combinatorial approaches, the recognition of circles is still a challenging problem indiscrete geometry. The border of discrete
quasi-discs introduced in Section 3.1, appears as a good candidate for a circle. This fact begs for a thorough study of their
properties, perhaps useful for circle recognition. The above results can be extended to other families of lattices. For instance,
in the context of regular triangular lattices, a discrete set S is a union of N distinct regular hexagonal cells and the set A of
the centers of these hexagons satisfies the following formula, analogous to (2),
I(S) = I(A)+ N · I(H)
whereH is the fundamental hexagon of the lattice. The lattice setZ×Zmust be replaced by the setT ⊆ R×R of the centers of
all hexagons. The associated notions of strong convexity, (discrete) disc and quasi-disc are easily defined usingT. Theorem 8
still holds. The radius estimate of Lemma 9 must be replaced by r ≤ α + β√N with suitable constants α, β (according to
the lattice). The computation of the roundest discrete sets can be established using an adaptation of the strategy described
in Section 3.2. Moreover, extensions to higher dimensional lattices are also possible.
Table 2
Roundest animals with size up to N = 40, up to symmetry
N Vertical projections I(A) g(A) r c(A) rmin(A)
25 [3, 5, 5, 5, 5, 2] 247425
( 17
5 ,
1
25
) 1
25
√
4801
( 7
2 , 0
) 1
2
√
29
26 [3, 5, 5, 5, 5, 3] 276926
( 7
2 , 0
) 1
2
√
29
( 7
2 , 0
) 1
2
√
29
27 [1, 4, 6, 6, 6, 4] 311627
( 35
9 ,
13
27
) 13
27
√
37
( 15
4 ,
1
2
) 5
4
√
5
28 [4, 6, 6, 6, 4, 2] 346428
( 45
14 ,
1
2
) 1
14
√
1570
( 13
4 ,
1
2
) 5
4
√
5
29 [2, 5, 6, 6, 6, 4] 385229
( 108
29 ,
12
29
) 10
29
√
74
( 7
2 ,
1
2
) 1
2
√
34
30 [4, 6, 6, 6, 5, 3] 425830
( 101
30 ,
11
30
) 1
30
√
7922
( 7
2 ,
1
2
) 1
2
√
34
31 [3, 6, 6, 6, 6, 4] 468831
( 111
31 ,
14
31
) 1
31
√
8642
( 7
2 ,
1
2
) 1
2
√
34
32 [4, 6, 6, 6, 6, 4] 512032
( 7
2 ,
1
2
) 1
2
√
34
( 7
2 ,
1
2
) 1
2
√
34
33a [4, 6, 6, 6, 6, 5] 568033
( 118
33 ,
14
33
) 80
33
√
2
( 67
18 ,
5
18
) 41
18
√
2
33b [4, 6, 6, 6, 6, 4, 1] 568033
( 119
33 ,
16
33
) 80
33
√
2
( 23
6 ,
1
2
) 1
6
√
370
34 [4, 6, 7, 7, 6, 4] 624134
( 7
2 ,
5
17
) 1
34
√
12 833
( 7
2 ,
1
6
) 1
6
√
370
35 [5, 6, 7, 7, 6, 4] 681635
( 24
7 ,
8
35
) 1
35
√
13 309
( 129
38 ,
7
38
) 1
38
√
15 170
36 [3, 5, 6, 7, 7, 5, 3] 740636
( 145
36 ,
1
12
) 1
36
√
13 546 (4, 0)
√
10
37 [3, 5, 7, 7, 7, 5, 3] 799237 (4, 0)
√
10 (4, 0)
√
10
38 [4, 5, 7, 7, 7, 5, 3] 868938
( 149
38 ,
1
19
) 37
38
√
13
( 23
6 ,
1
6
) 1
6
√
410
39 [3, 5, 7, 7, 7, 6, 4] 938839
( 161
39 ,
5
39
) 1
39
√
17 873
( 25
6 ,
1
6
) 1
6
√
410
40 [3, 6, 7, 7, 7, 6, 4] 1012740
( 163
40 ,
1
5
) 1
40
√
19 433
( 235
58 ,
15
58
) 1
58
√
39 442
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Fig. 8. The roundest animals of size N ≤ 40 (up to dihedral symmetry).
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